Tightening and Blending

Subject to Set-Theoretic Constraints
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EXAMPLES




FProblems

* Blend and tighten solid input shapes.
* Blending smooths thin, sharp features.
* Tightening reduces boundary measure.
* Output contains one set and excludes a second.

* Optimize the separating boundary.




Jechniques

* Mason: symmetrically regularize

* Tightening: bound mean curvature with flow

* Tight Hull: symmetric convex hull generalization
* Tight Blend: tight hull normal field simplification

* Medial Cover: medial hull and blend topology




Mathematical
\Viorphology

* Set-theoretic operations on sets of balls

* Scale dependence, parameterized by radius
% Growing and shrinking

% Opening and closing

% Mortar, core, and anticore

* Regular sets and regularity
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REGULAR SET
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REGULARITY TRANSFORM




MASON




Mason Definition
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* Mason equals the input outside the mortar of the input.

* In a component of the input’s mortar, mason chooses
open/close or close/open to minimize set difference.




Minimizing
Symmetric
Difference

—
Soye; 62808 19301 | 6 | 23 | 107 [ 0
Sesos 95472 18578 | 1 | 83 | 0 | 43




TIGHTENING




Tightening Definition

A set C C R? is a candidate r-tightening of
S C R? if and only if So,, C C and Se,°NC = 0.

A candidate r-tightening set 7" C R? is an
r-tightening of S C R? if and only if there is
no candidate r-tightening set C' C R such that
HY1 (C) < HY 1 (T) given that C is isotopic
to 1" throughout an isotopy in which C continu-
ously remains a candidate r-tightening.



Mean Curvature Flow

* Mean curvature at a smooth boundary point is the
mean of the principal curvatures at that point.

% A mean curvature normal scales a unit normal at a
boundary point by the mean curvature at that point.

% Mean curvature flow moves a boundary point along
Its mean curvature normal.

* Mean curvature flow is along the gradient of
boundary measure, stable against constraints.

* Unconstrained boundary is stable where mean
curvature Is zero.




MEAN CURVATURE FLOW STABILITY




MEAN CURVATURE BOUND




MULTIPLE R-TIGHTENING TOPOLOGIES




TIGHT HULL




Convex Hull

A set S C R? is convez if and only if
for every two points p,q € S, the closed
line segment pg is contained in S.

The convex hull of S C R? is the in-
tersection of all convex sets containing S.



Relative Convex Hull

For G C R% a set S C R? disjoint
from G is convex relative to GG if and only

if for every two points p, g € S such that
pq 1s disjoint from G, set S contains pq.

For R C RY disjoint from G C R?
the convexr hull of R relative to GG is the

intersection of all sets convex relative to
(G that contain R.



Tight Hull Definition

For R,G C R%, suppose RN G = (. Then C C RY is a candidate
tight hull of R relative to G if and only if

1. RCC
2. C CG°

3. There is no S C R? such that R C S, S C G¢, and the slack of
S is less than the slack of C.

A candidate tight hull T of R relative to G is a tight hull of R relative
to G if and only if there is no candidate tight hull S of R relative to

(G such that the unsupported slack of S is less than the unsupported
slack of T'.




RELATIVE CONVEX HULL AND TIGHT HULL




MINIMIZING UNSUPPORTED SLACK




SYMMETRIC HULL




DEVELOPABLE BOUNDARY







Tight Blend Detfinition

A tight r-blend of S is a tight hull of
So,. relative to S€o,..

The boundary of a tight blend lies in
Se.\So,.



TWO AND THREE DIMENSIONS







MEDIAL COVER
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INSERTING CONTACT POINTS




MEDIAN ISOTOPY




PROXIMITY




SYMMETRY




APPLICATIONS




BOUNDARY ESTIMATION




Blomedical Boundary
Reconstruction

* Segment volumetric biomedical image data.

% Construct tight hull of interior relative to exterior.
% Geometric error is limited by intersample spacing.
% Conjecture: Normal field converges to input data.
* Accurate normals yield accurate shading.

% Tight hull accurately constructs model from samples.




DEVELOPABLE MANUFACTURE




POLYGONAL REPAIR




Conclusion

* Fundamental problem:
% Contain a subset of the input.
* Exclude a subset of the complement.
* Separate with an optimized boundary.
* Fundamental objectives:
* Replace thin, sharp features with smooth, thick
* Minimize boundary and simplify normal field
% Produce output resembling the input
* Handle input and complement symmetrically




Conclusion

* Mason: symmetrically regularize

* Tightening: bound mean curvature with flow

* Tight Hull: symmetric convex hull generalization
* Tight Blend: tight hull normal field simplification

* Medial Cover: medial hull and blend topology




Conclusion

* Tight hull of three-dimensional polygonal input
might be constructed low-order polynomial time.

* Regularization may provide a round, thick output
sampled with limited error and topological change.

* Work involving morphology, fairing, and convexity
significantly develops aspects of solid modeling.




